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Parity violation in the gravitational interaction has an important impact on fundamental observ-
ables and the evolution of the universe. We here investigate for the first time our ability to probe
the parity violating nature of the gravitational interaction using gravitational waves from spin-
precessing binaries. Focusing on dynamical Chern-Simons gravity, we derive the spin-precession
equations, calculate the gravitational waves emitted by spin-precessing, quasi-circular black hole
binaries and estimate the level to which the theory could be constrained with future gravitational
wave observations.
PACS numbers: 04.30.-w,04.25.-g,04.25.Nx,04.50.Kd
Introduction. The detection of gravitational waves (GWs)
from the coalescence of compact binaries has opened the
door to precision tests of the fundamental nature of the
gravitational interaction in the extreme gravity regime,
where the gravitational interaction and the spacetime
curvature are dynamical, nonlinear and large [1, 2]. Many
modified theories of gravity predict strong deviations
from General Relativity (GR) in this regime, while pass-
ing Solar System constraints. Some of these theories are
constructed as a low energy limit of some high energy, ef-
fective field theory, such as string theory or loop quantum
gravity. The detections of GWs by the Advanced Laser
Interferometer Gravitational Wave Observatory (aLIGO)
and Advanced VIRGO (aVIRGO) detectors have allowed
us to place constraints on such hypothetical deviations
from GR, including constraints on generic ppE parame-
ters [1, 2], and even constraints on the speed of the gravi-
ton [3].
One particular aspect of the gravitational interaction
that is largely unconstrained is parity violation. Study-
ing parity violation in GR has proven difficult due to
the fact that parity operations must be made on three
dimensional hypersurfaces foliating the spacetime mani-
fold, and are thus slicing, or coordinate, dependent op-
erations [4]. Nevertheless, parity violation can have im-
portant physical consequences that will lead to observ-
able signatures necessary to constrain parity violation in
gravity.
The simplest theory that generates parity viola-
tion in the gravitational sector is dynamical Chern-
Simons (dCS) gravity [5, 6], which modifies the Einstein
Hilbert action through the coupling of a pseudo-scalar
field ϑ to the parity odd Pontryagin density ⋆RR =
(1/2)ǫµνρσRαβρσRµν
αβ , with Rµνρσ the Riemann curva-
ture tensor. While the action is parity invariant, dCS
gravity is said to be parity violating, in the sense that
modifications only appear in systems that are odd under
spatial reflection. For example, GWs have been shown
to exhibit amplitude birefringence [7], which causes left-
handed (right-handed) GWs to be suppressed (enhanced)
as the waves propagate. Matter and antimatter couple
to right- and left-handed GWs respectively, and thus am-
plitude birefringence provides a natural means to explain
the observed baryon asymmetry of the Universe [8].
Constraining dCS gravity and parity violation with
GWs has proven to be difficult so far due to degeneracies
between propagation effects and the orientation and sky
angles of binary systems emitting GWs, and degeneracies
between generation effects and the spin magnitudes of the
components of the binary. This is why the current best
constraint on dCS gravity comes from the observation of
gravitomagnetic effects in frame-dragging and geodetic
precession by the Gravity Probe B and LAGEOS mis-
sions, respectively. These Solar System experiments have
constrained the dimensional coupling constant of the the-
ory to ξ1/4 . 108 km [9], one of the least stringent con-
straints of any modified theory of gravity that predicts
deviations from GR on large scales.
The degeneracies between dCS corrections and spin
effects, however, can be broken if the binary system pre-
cesses due to spin-orbit interactions. Most studies to date
had focused on non-precessing systems, where the spins
of the compact object are aligned or anti-aligned with
the orbital angular momentum [10, 11]. The coupling
between the spin and the orbital angular momentum of
the binary forces all momenta to precess about the total
angular momentum of the system. Gravitational waves
emitted by these binaries exhibit amplitude modulations
since the emission is weakly beamed along the orbital an-
gular momentum. This modulation encodes the spin of
the orbiting bodies and could thus be used to break the
degeneracies between dCS corrections and spin, just as
in GR it can break degeneracies that allow one to distin-
guish between GWs emitted by neutron stars (NSs) and
2black holes (BHs) in a binary system [12].
The ability to break degeneracies among the bi-
nary’s parameters and modifications to GR makes spin-
precessing binaries ideal systems to probe parity viola-
tion [4]. We here present the first ever study of precess-
ing, quasi-circular compact binaries in a modified theory
of gravity. We focus our attention on binary systems
composed of spinning black holes, which, in dCS grav-
ity, are modified from GR through scalar dipole hair and
a perturbed quadrupole moment. We focus on the bi-
nary’s evolution and GW emission during the inspiral
phase of coalescence, where gravitational fields are weak
and the orbital velocity is small compared to the speed
of light. We thus work in the post-Newtonian (PN) for-
malism, and numerically construct, for the first time, the
GWs emitted by spin-precessing, quasi-circular binaries
in dCS gravity, including the effects of amplitude and
frequency modulation due to spin-precession. Using a
mismatch argument, we then estimate the level to which
the dCS coupling parameter ξ could be constrained with
future GW observations.
Precession Equations. When the binary is widely sepa-
rated, the orbital time scale (i.e. the orbital period) is
much longer than the precession timescale (i.e. the time
it takes for a precession cycle to complete), which is in
turn much longer than the radiation-reaction timescale
(i.e. the time it takes for the orbit to decay signif-
icantly). This separation of timescales allows us to
consider the precession of angular momenta without
radiation-reaction as a first approximation within PN
theory [13].
The motion of spinning BHs has been well studied in
the context of effective field theory within GR [14]. To
obtain the precession equations for BHs in dCS gravity,
we apply the same effective field theory methods by re-
quiring the matter action to satisfy a set of additional
symmetries, i.e. parity and shift invariance. We con-
struct an action that contains all possible terms that sat-
isfy these symmetries, and then restrict our attention to
the subset that do not vanish when matching to the case
of isolated BHs in dCS gravity.
The variation of the action in effective field theory
with respect to the linear and angular velocities of the
BHs gives us the equations of motion for the linear and
spin angular momenta. After solving for all fields within
the near zone of the binary, we PN expand the spin-
precession equations, orbit-average them and obtain
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with M = m1 +m2 and µ = m1m2/M the total and re-
duced masses of a binary with component massesm1 and
m2, spin angular momenta ~S1 and ~S2, orbital velocity v
and orbital angular momentum oriented along Lˆ.
As we have found, in dCS gravity only the spin-spin
and monopole-quadrupole interactions are modified. The
latter of these is due to the fact that BHs in dCS grav-
ity have a modified quadrupole moment. The former is
unique since it arises due to a dipole-dipole interaction,
when the scalar dipole moment of the first body inter-
acts with the scalar dipole moment of the second body
through the dCS pseudo-scalar field. Since the dipole
moment is proportional to spin, this interaction can be
recast as a spin-spin interaction. To obtain the precession
equation for the spin of body 2, one can simply replace
1↔ 2 in the above equation, and the precession equation
for the orbital angular momentum is ~˙L = − ~˙S1 − ~˙S2.
Before we study the GW emission from a BH binary
in dCS gravity, it is useful to study the properties of the
spin-precession equations in the absence of radiation re-
action. The precession equations admit seven conserved
quantities. Three of these are the magnitudes of the
spin and orbital angular momenta (|~L|, |~S1|, |~S2|), which
are guaranteed by symmetry since there is no GW emis-
sion to carry angular momentum away from the binary
or into the BHs’ horizons. Three additional conserved
quantities, specifically the components of the total an-
gular momentum ~J = ~L + ~S1 + ~S2, guarantee the ex-
istence of a co-precessing reference frame [15]. The re-
maining constant of motion is revealed upon inclusion of
the quadrupole-monopole interactions in the precession
equations [15, 16]. This seventh constant, referred to as
the effective mass-weighted spin, represents the projec-
tion of the spin angular momenta of the bodies onto the
direction of the orbital angular momentum. Unlike the
other constants of motion, the effective mass-weighted
spin is modified in dCS gravity due to the extra dipole-
dipole and quadrupole-monopole interactions and we find
that it is given by
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where we have introduced the short-hand Lˆ~SA :=(
Lˆ · ~SA
)
. The existence of these seven constants of
motion plays a critical role in the construction of an-
alytic waveforms for spin-precessing binaries, since they
allow the reduction of the precession equations to quadra-
tures. Such a calculation has already been performed in
GR [15, 16], with an extension to include radiation reac-
tion in [17], and the calculation of analytic, Fourier do-
main waveforms in [18]. The results obtained here would
allow for the construction of similar spin-precessions
waveforms in dCS gravity.
Waveforms. The derivation of an analytic Fourier do-
main waveform for spin-precessing binaries in dCS grav-
ity is the ultimate goal for learning how to constrain devi-
ations from GR in such systems. However, the derivation
of such a waveform is exceedingly lengthy and goes well
beyond the scope of this work. We will here consider a
simplified, semi-analytic, waveform model [19] which has
already been used to study constraints on the graviton
mass from GW observations of precessing binaries [20].
We are here interested in how well we may be able to
constrain dCS gravity with precessing binaries with GW
observations, so we will adapt the waveforms specifically
to aLIGO detectors.
The amplitude of the waveform is given by Eq. (2.3)
in [20], which is characterized by the directions of the or-
bital angular momentum and line of sight to the source,
and the beam pattern functions F+ and F× of the detec-
tor. Since we focus on GW sources relevant to ground-
based detectors, the beam pattern functions are still
given by Eq. (2.4) in [20], with the time-varying polar-
ization angle still given by Eq. (2.5) therein. For ground-
based detectors, the amplitude must be rescaled by a
factor of 2/
√
3, although this is an overall scaling factor
that is not relevant in this paper.
The Fourier phase of the waveform differs from [20]
due to the specific modification from dCS gravity. Fol-
lowing [19, 20], we write the Fourier phase as Φ(f) =
Ψ(f) + ϕpol[t(f)] + δpΦ[t(f)], where Ψ(f) is the contri-
bution coming from the orbital phase that exists even
in the non-precessing case and it can be found through
the stationary phase approximation, ϕpol(f) is the polar-
ization phase given in Eq. (2.17) of [20], and δpΦ(f) is
the integrated phase caused by precession of the orbital
angular momentum and given in Eq. (2.19) of [20]. All
of these Fourier phase contributions depend on the or-
bital or the spin angular momentum, and thus, they will
acquire modifications due to dCS changes in the spin-
precession equations found here.
Consider the orbital part of the Fourier phase Ψ(f).
In dCS gravity, the frequency evolution of the GWs was
first found in [11] and it is modified due to the pres-
ence of dipole radiation: f˙ = f˙GR(1 + δCη−4/5v4),
where η = µ/M is the symmetric mass ratio, f˙GR =
(96/5πM2)v11 is the leading PN order, frequency chirp-
ing rate of GR, v = (πMf)1/3, with M = Mη3/5 the
chirp mass, and δC given in Eq. (9) of [11]1. For spin-
precessing binaries, δC becomes oscillatory, and the in-
version to obtain t(f) and Ψ(f) would in general be non-
trivial. However, as shown in [21], such oscillations are
also present in GR at 2PN order and they lead to small
corrections in the inversion that can be neglected with-
out a significant loss of accuracy. We have verified that
the effect of the oscillations of δC in the inversion is
also small, and that subsequently, we can treat δC as
a constant in the inversion. This implies that Ψ(f) =
2πftc − φc − π/4 + (3/128)v−5(1 − 10δCη−4/5v4) and
t(f) = tc − (5/256)Mv−8(1 − 2δCη−4/5v4), with tc and
φc the time and phase of coalescence, and δC = δC[t(f)].
The remaining two contributions to the Fourier phase,
ϕpol and δpΦ, are still given by Eqs. (2.17) and (2.19)
in [20], respectively, but they no longer have the same
time evolution as in GR, since they are now governed by
the dCS precession equations in Eq. (1). Thus, to obtain
ϕpol(t) and δpΦ(t), we numerically solve the dCS spin-
precession equations to obtain Lˆ(t). We then calculate
ϕpol(t) and δpΦ(t) numerically and finally convert them
into functions of frequency using the inversion for t(f).
Figure 1 shows the differences between spin-precessing
waveforms in GR and in dCS gravity. As a represen-
tative example, we choose an equal-mass system with
|~S1|/m21 := χ1 = 0.9 and |~S2|/m22 := χ2 = 0.95,
Sˆ1 = (0.9, 0, 0.44) and Sˆ2 = (0.1, 0.25, 0.96), and m1 =
10M⊙ = m2. We numerically evolve the binary starting
at fGW = 2/Torb = 5 Hz, where Torb is the orbital period
of the binary, and stop the numerical evolution when the
system reaches the last stable orbit for a Schwarzschild
BH, v = 1/
√
6. For the dCS case, we take ξ1/4 = 10 km,
which we have verified satisfies the weak-coupling ap-
proximation required for the effective field theory treat-
ment to remain valid. The top panel shows the ampli-
tude of the dCS waveform normalized to the amplitude
1 The numerical factors in our expression for δC differ slightly
from those in [11] because of a different definition of the coupling
constant ξ. The mapping from our definition of ξ to theirs is
ξ → ξ/16.
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FIG. 1. Normalized amplitude (top) and dephasing (bottom)
of the waveform for a spin-precessing binary in dCS gravity
relative to GR.
of the GR waveform, while the bottom panel shows the
difference in the total Fourier phase between the dCS
and GR waveforms. The amplitude displays modulations
typical of spin-precessing systems, but these modulation
are modified by the dCS effects. Of the Fourier phase
components, the precession component δpΦ displays the
largest deviations from GR, and dominates the dephas-
ing between the dCS and GR waveforms. This is to be
expected since the modifications to the spin-precession
equations enter at leading PN order, while corrections to
the orbital part of the Fourier phase enter at 2PN order.
Parameter Estimation. We now study the degree to
which we can constrain dCS gravity with spin-precessing
GW observations. To obtain an estimate of the projected
constraints on ξ, we consider a match argument, which
involves determining the faithfulness of a GR waveform
template in recovering a dCS waveform. We begin by
defining the noise-weighted inner product between two
Fourier domain waveforms h˜1 and h˜2 as
(
h˜1
∣∣∣ h˜2
)
= 2
∫ fmax
fmin
df
h˜1(f)h˜
∗
2(f) + h˜
∗
1(f)h˜2(f)
Sn(f)
, (9)
where ∗ corresponds to complex conjugation and Sn(f)
is the power spectral density of the GW detector. We
are here interested in observations with aLIGO, so we
use the Sn(f) for aLIGO at design sensitivity [22], and
we take fmin = 10 Hz and fmax = fmerger. The match
between two waveforms is then given by
M = max
δφ,δt
(
h˜1
∣∣∣ h˜2ei(δφ+2πfδt)
)
√(
h˜1
∣∣∣ h˜1
)(
h˜2
∣∣∣ h˜2
) , (10)
where δφ and δt are overall phase and time shifts that
one maximizes the inner product over.
The match provides us a means of determining the
minimum value of ξ such that mismodeling, specifically
not including dCS effects in the precessing waveform,
does not significantly bias parameter estimation. This
can be translated into requiring the systematic error due
to mismodeling be smaller than statistical measurement
error. The nominal match that satisfies this threshold is
M = 1−D/(2 SNR2), where D is the number of parame-
ters in the waveform and SNR = (h|h)1/2 is the signal-to-
noise ratio [17]. For the systems considered here, D = 15
and for a binary with SNR = 100(50)[25] this corresponds
to a nominal threshold of M = 0.9993(0.997)[0.99].
To estimate projected constraints on ξ, we study the
representative system discussed earlier, and compute the
match for various values of ξ, as shown in Fig. 2. For
comparison, we consider a system with the same masses,
spins, and initial separation, but which is non-precessing,
i.e. where the spins and orbital angular momentum
are aligned. Using the nominal match described above,
ξ1/4 . 1.3(1.6)[1.9] km for the precessing system, while
ξ1/4 . 7.6(9.2)[10.5] km for the non-precessing system,
to ensure that the systematic error is less than the sta-
tistical error. The precessing binary allows for roughly
an order of magnitude better constraint than the non-
precessing system, and an eight order of magnitude bet-
ter constraint than current Solar System experiments.
The estimate above does not account for possible co-
variances between the parameters of the binary and the
dCS modification, which may somewhat deteriorate our
ability to constrain ξ. Further, the scalar dipole moment
of BHs is known to all orders of spin. For certain val-
ues of the scalar dipole moment, dipole contributions to
the GW energy flux can vanish [11], which would impact
our ability to place constraints on ξ. This constraint,
however, would also improve inversely with the signal-
to-noise ratio. A more detailed Bayesian analysis can
be carried out, once analytic Fourier-domain waveforms
are calculated for dCS-corrected, spin-precessing bina-
ries. The work presented here allows not only for such
an analysis, but also for the construction of phenomeno-
logical inspiral-merger-ringdown waveforms that can be
compared directly to GW observations in the future.
N. L. and N. Y. acknowledge support from NSF
EAPSI Award No. 1614203, NSF CAREER grant
PHY-1250636, and NASA grants NNX16AB98G and
80NSSC17M0041. T. T. acknowledges support in part
by MEXT Grant-in-Aid for Scientific Research on In-
novative Areas, Nos. 17H06357 and 17H06358, and by
5100 101
ξ1/4 [km]
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99
1.00
M
Precessing
Non-precessing
FIG. 2. Match between GR and dCS waveforms for a spin-
precessing binary as a function of ξ1/4 for a precessing system
(black line) and a non-precessing system (blue line). The
red dashed lines corresponds to the nominal matches M =
0.9993, 0.997, 0.99 at SNR = 100, 50, 25, repsectively.
Grant-in-Aid for Scientific Research Nos. 26287044 and
15H02087.
[1] B. P. Abbott et al. (Virgo, LIGO Scien-
tific), Phys. Rev. Lett. 116, 221101 (2016),
arXiv:1602.03841 [gr-qc].
[2] N. Yunes, K. Yagi, and F. Pre-
torius, Phys. Rev. D94, 084002 (2016),
arXiv:1603.08955 [gr-qc].
[3] B. P. Abbott et al. (Virgo, Fermi-GBM, INTE-
GRAL, LIGO Scientific), Astrophys. J. 848, L13 (2017),
arXiv:1710.05834 [astro-ph.HE].
[4] S. H. Alexander and N. Yunes,
Phys. Rev. D97, 064033 (2018),
arXiv:1712.01853 [gr-qc].
[5] R. Jackiw and S. Y. Pi, Phys. Rev. D68, 104012 (2003),
gr-qc/0308071.
[6] S. Alexander and N. Yunes, Phys. Rep. 480, 1 (2009),
arXiv:0907.2562 [hep-th].
[7] A. Lue, L. Wang, and M. Kamionkowski,
Phys. Rev. Lett. 83, 1506 (1999).
[8] S. H. S. Alexander, M. E. Peskin, and M. M. Sheikh-
Jabbari, Phys. Rev. Lett. 96, 081301 (2006).
[9] Y. Ali-Haimoud and Y. Chen,
Phys. Rev. D84, 124033 (2011),
arXiv:1110.5329 [astro-ph.HE].
[10] K. Yagi, L. C. Stein, N. Yunes, and T. Tanaka,
Phys. Rev. D85, 064022 (2012), [Erratum: Phys.
Rev.D93,no.2,029902(2016)], arXiv:1110.5950 [gr-qc].
[11] K. Yagi, N. Yunes, and T. Tanaka,
Phys. Rev. Lett. 109, 251105 (2012), [Erra-
tum: Phys. Rev. Lett.116,no.16,169902(2016)],
arXiv:1208.5102 [gr-qc].
[12] K. Chatziioannou, N. Cornish, A. Klein, and N. Yunes,
Astrophys. J. 798, L17 (2015), arXiv:1402.3581 [gr-qc].
[13] N. Loutrel, N. Yunes, and T. Tanaka, in preparation.
[14] J. Steinhoff, Annalen Phys. 523, 296 (2011),
arXiv:1106.4203 [gr-qc].
[15] M. Kesden, D. Gerosa, R. O’Shaughnessy, E. Berti,
and U. Sperhake, Phys. Rev. Lett. 114, 081103 (2015),
arXiv:1411.0674 [gr-qc].
[16] E. Racine, Phys. Rev. D78, 044021 (2008),
arXiv:0803.1820 [gr-qc].
[17] K. Chatziioannou, A. Klein, N. Yunes, and
N. Cornish, Phys. Rev. D95, 104004 (2017),
arXiv:1703.03967 [gr-qc].
[18] K. Chatziioannou, A. Klein, N. Cornish, and
N. Yunes, Phys. Rev. Lett. 118, 051101 (2017),
arXiv:1606.03117 [gr-qc].
[19] R. N. Lang and S. A. Hughes,
Phys. Rev. D74, 122001 (2006), [Erratum: Phys.
Rev.D77,109901(2008)], arXiv:gr-qc/0608062 [gr-qc].
[20] A. Stavridis and C. M. Will,
Phys. Rev. D80, 044002 (2009),
arXiv:0906.3602 [gr-qc].
[21] C. Cutler and E. E. Flana-
gan, Phys. Rev. D49, 2658 (1994),
arXiv:gr-qc/9402014 [gr-qc].
[22] M. Evans and R. Adhikari, “private communication,”.
